on the network structure in the spread of disease using the well known SIS model. In particular, they study the effect of the community structure over the spread. They found 124 that, epidemics spread faster on networks with higher level of overlapping communities and 125 degree distributions with power law exponents equals to two and three. In 5-7 the SIS model 126 was also considered, but analyzing the effect of the awareness diffusion in the network, and 127 they found that the awareness diffusion plays an important role in the epidemic transmission.
128
In these published works, the numerical experiments are based in complex networks with a 129 fixed power-law exponent equal to 2.5. In this paper, we consider that the topology is fixed 130 during the spread and the awareness is adopted by the individuals that can be in contact The remainder of this paper is organized as follows. An alternative scale-free network 137 model where the degree distribution exponent can be assign to be larger or smaller that 138 three are described in Section II. While the SIQRS epidemic model along with the analysis 139 of the effect of the underlining degree distribution is presented in Section III. Our results
140
and numerical simulations are shown in Section IV. Finally, our results and conclusions are 141 discussed in Section V.
142

II. PROPOSED NETWORK MODELS WITH A PRESCRIBED DEGREE
143
DISTRIBUTION
144
In order to investigate the efficiency of the quarantine policy to contain the spread of 145 disease on scale free networks, we propose two network models with power law degree dis-
146
tributions where the exponents is in the range 1 < ν < 6. These models are described b. The number of links determine in the previous step connect n new node to different 158 nodes already existing in the network with a probability given by
160
where k i is the degree of the node n i and Π(n i ) describes the probability that 161 node n i gets a new link.
162
It is work noting that (1) is similar to the attachment probability proposed in the original
163
BA model 16 . However, by changing the number of connections our proposed model produces 164 networks with degree distribution that follows a power-law with an exponent ν ≤ 3. to copy their degree for the new node.
169
The growth process of a network using the proposed Model 1 is shown in Figure 1 . In the first time step t 0 , the network consists of three nodes n 0 , n 1 and n 2 . In the next time 171 step t 1 , the node n 3 is added to the network lets assumed that it copies the degree from the 172 node n 0 which is selected randomly. Then, node n 3 is connected randomly to m = 2 of the 173 existing nodes in the network with probability 1. In the figure it is assumed that the node 174 n 3 connects to nodes n 0 and n 2 . In time step t 2 , the node n 4 is added to the network and 175 in this case se assume that m = 3, then is connected randomly to the nodes n 0 , n 1 and n 3 .
176
In t 3 , the node n 5 is added to the network and it is assumed that it copies the degree from 177 the node n 4 and connects to the nodes n 1 , n 3 and n 4 . This process is continued for all the 178 following time steps until the number of nodes in the network is sufficiently large and the 179 structural properties of the network become fixed.
180
I order to get the behavior of the mean degreek as the network growth in the proposed 181 model, we propose the following differential equation,
183 with the initial conditionk(3) = 2, which describes the initial network of three nodes fully 184 connected; one gets,
186
In Figure 2 we show the degree distribution P (k) and the average degree k obtained from Measured at different sizes of the generated network using Model I with p = 0.7.
node is born with the maximum number of links possible m = 3 and with an attractiveness 198 factor A ≥ 0, which is equal for all the nodes in the network. In the second step, the links of 199 each new node are connected to different nodes already in the network using the attachment 200 probability given by
202
where k i is the degree of a node n i and A is the initial attractiveness of the nodes in the 203 network. Due to the addition of links is constant at each time step, the last equation can 204 be written as:
206
This version of the scale-free model is inspired by the model proposed by Dorogovtsev
207
and Mendez 20 , using the attractiveness factor A the resulting scale-free network can be make
208
to have a degree distribution exponent ν ≥ 3. In order to obtain the analytical solution for 209 P (k) in this model, it is necessary to know the number Q i of nodes with i links with respect 210 to the total number N of nodes in the network, that is, To get an expression for Q i (N ), the continuum method 21 was employed using the following 217 differential equation:
The variation of the number Q i of nodes with i links with respect to the number N 222 of nodes in the network is described by (7). The term g 1 represents how the number of 223 nodes with i links increases and the term g 2 describes how the number of nodes with i links 224 decreases. Finally, the term g 3 models the effect of adding a new node with m links.
225
In order to obtain Q i (N ), Eq. 7 is solved for i = m, i = m + 1, and so on. For i = m,
226
(7) takes the form,
Solving (8), we obtain
230
For the following i value produces:
237 with the last results we can deduce,
Then, the degree distribution P (k) obtained with the proposed model has the form 
245 with the initial conditionk(3) = 2 that describes the initial network consisting of three 246 nodes fully connected. Which yields,
248 Figure 3 shows the growth of a network with the Model II. As can be seen, in the first time step t 0 , the network consists of three nodes n 0 , n 1 and n 2 . In the next time step t 1 , the 256 node n 3 is added to the network and the probabilities from nodes in the network to get a 257 new link from n 3 are showed in t 1 , in this case all nodes have the same probability and it 258 is assumed that n 3 connects to all (t ). A similar process occur in t 2 and t 3 . However, in 259 t 4 it is possible to see that difference in the probabilities of nodes n 0 to n 5 depend of the A 260 value. That is, as the value of A becomes to be greater the probabilities for the nodes tends 261 to be more uniform and as the network grows the emergence of hub nodes is less frequent.
262
In Figure 4 are showed the degree distribution P (k) and the average degreek obtained is important to mention that the average degree has the same behavior in both cases (see
268
Figs. 4c and 4d), that is k ∼ 6 as N 1 in both cases.
269
III. QUARANTINE AND SELF-PROTECTION PROCESSES
270
In this section we investigate the quarantine and self-protection processes efficiency to 271 stop the epidemic spreading in networks with the structure given by Models I and II. We section is considered an epidemic model that implements the quarantine as a control action. 
285 where S(t) describes the density of susceptible nodes, I(t) the density of infected nodes,
286
Q(t) the density of quarantine nodes, and R(t) the density of recovered nodes at time t, to contract the disease as its node degree is larger.
296
S → R: Susceptible nodes become recovered (removed) with probability α. 
Under the assumptions described above, the mean-field reaction rate dynamical equations 320 for class k, can be written as:
322
where the fraction θ(t) of links pointing to infected nodes is given by
324
in which P (k) is the degree distribution andk is the average degree within the network and 325 denotes the normalization factor.
326
In order to get the equilibrium solution in steady state,
make the right side of equation (7) equals to zero,
329 with,
337
Taking into account the normalization condition
339
and substituting equation (19) in equation (20), we obtain for I ∞ k
342
Then, inserting equation (22) in equation (18), one gets
Obviously, the last equation has a trivial solution θ ∞ = 0. To ensure that equation (23) has a non trivial solution, that is 0 < θ ∞ ≤ 1. The following conditions must be both
We can obtain the epidemic threshold β c using the last equation as,
as it can be seen, the epidemic threshold β c depends on the fluctuations in the degree sense, the flow diagram of the SIQRS model is shown in Fig. 6 , where η describes the 353 probability that a susceptible individual is quarantined. Then, the mean-field reaction rate 354 dynamical equations for class k (Eq. 15), takes the form:
356 the density I ∞ k and the epidemic threshold, take the form:
respectively. C. Quarantine in joint with deleting-infected-links process
361
Another process present in a real scenario is that several susceptible individuals can dis-362 connect permanently of its neighbor infected individuals. In order to investigate the impact 363 of this process, we include the probability ψ that one susceptible individual disconnects from 364 its neighbor infected individuals. In this case, the flow diagram is the same of Fig. 6 , but 365 due to the fluctuation of the degree in the network, the θ probability also depends on ψ.
366
IV. NUMERICAL RESULTS
367
In order to investigate the effect of network topology on the steady state behavior of the
368
proposed SIQRS epidemic models we chose the parameter set α = 0.1, δ = 0.4, γ = 0.5, In particular, Figure 7a) shows the degree distribution of the network considered in the 385 simulations, as can be seen the degree distribution P (k) ∼ k −3 as expected for a realization 386 of the BA model. Figure 7b) shows the relation between I ∞ and β for three different values 387 of σ = 0, 0.2 and 0.4. As it can be seen, as the quarantine rate σ increases, the density of 388 infected nodes decreases for all values of β.
389
In order to validate the results indicated by the numerical simulations, an analytical 390 solution is derived for I ∞ = k I ∞ k (t)P (k) using equations (22), (23) and the values of 391 the degree distribution P (k) and the average degreek of the network. For the networks 392 generated using the BA model 16 we have:
394
Substituting equation (26) in equation (23) we get,
398
Integrating over all k values, results in
402
and solving for θ ∞ , we obtain
404
Using equation (29) and (22) and integrating for all k values, we obtain for I ∞ as, Figure 7c ) shows that the analytical predictions 31 and the numerical simulations fit appro-
410
priately.
411
With the aim of analyze the effect of the network topology on the quarantine efficiency, we repeat the previous simulations but using scale-free networks with power-law exponents for the network with ν ∼ 5.
423
As it can be seen in Figs. 8b, 8d, 8f and 8h, as the exponent ν decreases, the density an effective measure to contain the spread of a disease, however its effectiveness increases if it 452 is combined with the implementation of some self-protection process by the individuals of the 453 population. Figure 11 shows a clearer view of this conclusion. That is, in Fig. 11 is showed 454 the relation between the density I ∞ and the power-law exponent ν of the degree distribution
